Abstract. We consider the cosmological consequences of a special scalar-tensor-vector theory of gravity, known as MOG (for MOdified Gravity), proposed to address the dark matter problem. This theory introduces two scalar fields G(x) and µ(x), and one vector field φ α (x), in addition to the metric tensor. We set the corresponding self-interaction potentials to zero, as in the standard form of MOG. Then using the phase space analysis in the flat Friedmann-Robertson-Walker background, we show that the theory possesses a viable sequence of cosmological epochs with acceptable time dependency for the cosmic scale factor. We also investigate MOG's potential as a dark energy model and show that extra fields in MOG cannot provide a late time accelerated expansion. Furthermore, using a dynamical system approach to solve the non-linear field equations numerically, we calculate the angular size of the sound horizon, i.e. θ s , in MOG. We find that 8 × 10 −3 rad < θ s < 8.2 × 10 −3 rad which is way outside the current observational bounds. Finally, we generalize MOG to a modified form called mMOG, and we find that mMOG passes the sound-horizon constraint. However, mMOG also cannot be considered as a dark energy model un;ess one adds a cosmological constant, and more importantly, the matter dominated era is still slightly different from the standard case.
Introduction
MOG (MOdified Gravity) is a scalar-tensor-vector theory of gravity proposed by J. W. Moffat that introduces two scalar fields and one Proca vector field besides the metric tensor in the action [1] . The vector field is directly coupled to ordinary matter. This theory has been introduced as a solution to the dark matter problem. In other words in this theory there is no dark matter particle and the dark matter problem is addressed by changing the gravity sector. From this perspective one may compare MOG to modified Newtonian dynamics (MOND) [2] and its relativistic version TeVeS [3] . MOG has been widely investigated in the literature in order to check its viability to pass the astrophysical tests related to the dark matter problem. For example by fitting appropriate values for the free parameters of the theory , i.e. α and µ, in the weak field limit, MOG explains the flat rotation curve of galaxies without invoking cold dark matter particles [4] . Tests of rotational velocity curve in the Milky Way shows that MOG can fit the data better than MOND [5] . The mass discrepancy in the galaxy clusters is also explained by MOG in [6, 7] . The global stability of disk galaxies in the context of MOG has been studied in [8] using N-body simulations, where it has been shown that disk galaxies are more stable in MOG than in Newtonian gravity. More specifically, like rigid dark matter halos, MOG can stabilize the disk against bar instability. For an analytic study of the stability of the Maclaurin disk in MOG we refer the reader to [9] . The weak field limit of the theory and the local stability of the disks against small perturbations has been studied in [10] and [11] respectively. The test particle equations of motion for spinning and non-spinning test particles in MOG has been investigated in [12] . Finally, it has been claimed in [13] that MOG has the potential to explain merging cluster dynamics (e.g. the Bullet Cluster and the Train Wreck Cluster) without assuming a dark matter component for the clusters.
Although the cosmological behaviour of this theory has been considered in some papers [14] [15] [16] , we believe there are several aspects which require more investigation. For example in [17] it has been shown that for a model of MOG, which is different from the standard version of the theory, there is no standard matter dominated phase in the cosmic history of the model. In other words, although some models of MOG are successful in addressing the dark matter problem in the galaxy and galaxy cluster scales, they may not work properly in the cosmological scale.
In this paper we investigate first the standard version of MOG and check its cosmological behaviour using the phase space analysis. This numerical method reveals the main features of the model without solving the modified Friedmann equations for cosmic scale factor a(t), for example see [18] [19] [20] . More specifically, with this method one may easily check if the model has an appropriate sequence of the standard cosmological epochs. Naturally, we expect the evolution of universe starts from a radiation dominated epoch, continues toward a standard matter dominated era that allows the structure formation and ends at the stable accelerated dark energy dominated phase.
After investigating the existence of viable cosmological epochs in MOG, we check its consistency with another precise cosmological observation, namely the angular size of the sound horizon derived form Cosmic Microwave Background observations. In order to make MOG compatible with this observational constraint, we introduce a modified version of MOG, called mMOG, and check the viability of mMOG as a dark energy theory, as well.
This paper is organized as follows. In section 2 we briefly introduce MOG and its modified Friedmann equations. Then, in section 3, we introduce the dynamical system variables and rewrite the modified Friedmann equations with respect to dimensionless variables of the phase space. We also determine the relevant fixed points and investigate their stability and physical interpretations. In sections 4 and 5 we answer some important questions about MOG. In fact, we investigate if the theory could work properly in the absence of the nonzero component of the vector field, i.e. φ 0 . Also the question of whether this theory could play the role of dark energy, as well as the dark matter, is studied in this section. In fact, we analyse the system in both cases of existence and absence of φ 0 , while Λ is zero. A modified version of MOG (mMOG) is also presented in this section. The angular size of the sound horizon θ s is investigated in section 6 for both the standard and the modified version of MOG. We compare the result with the relevant observation and show that θ s in the standard version of MOG is much below the observed value while we find a modified version which passes this observational constraint. Finally, conclusions are drawn in sec 7.
Modified Friedmann equations in MOG
Let us start with the action of MOG 1 . We use the exact form introduced in [21] 
where R is the Ricci scalar, Λ is a positive constant corresponding to the cosmological constant in the Einstein-Hilbert action, ω 0 denotes a positive constant and
0 , in a homogeneous and isotropic cosmology where φ 0 is the zeroth component of the vector field. Furthermore G and µ are scalar fields and S M is the matter action. As mentioned, B µν is an anti-symmetric tensor and consequently it vanishes in the cosmological context. In this way, we absorb the parameter ω 0 in the definition of µ as
4π V φ is also absorbed by V φ and it will not appear in the rest of our calculations.
Varying the action with respect to the fields, one can find the corresponding field equations. In order to study the cosmological consequences of MOG, we assume a flat FriedmannRobertson-Walker (FRW) metric
Substituting the metric in the field equations we find the following modified Friedmann equations, which are exactly the equations already obtained in [21] ,
where a dot denotes derivative with respect to cosmic time t, ρ = ρ m + ρ r where ρ m and ρ r are matter and radiation energy densities, respectively, H(t) =ȧ a and J 0 is the nonzero component of "fifth force" matter current defined as
The coupling between matter and the vector field leads to a nonzero fifth-force current. In fact this is a central feature in MOG for addressing the dark matter problem. Naturally, one has to postulate the way by which the vector field is coupled to matter. It is convenient to use J 0 = κρ m , where κ is a coupling constant [22] . It is important to mention that in this version of MOG the continuity equation holds. Therefore, as in the standard cosmological model, we have ρ m ∝ a −3 and ρ r ∝ a −4 .
It is important to mention that, as it is obvious from the first modified Friedmann equation, i.e. the first equation in (2.3), the kinetic terms of scalar fields µ and G appear with the "wrong" sign with respect to the standard Klein-Gordon scalar field Lagrangian. Therefore, despite the claims in the relevant literature, for example see [1] , this version of MOG is not ghost free. However, our aim here is to study just the classical version, and we impliclty assume we deal with an effective classical limit of a stable, fundamental quantum field theory. In the Appendix A we discuss the stability of the theory, and show that it is tachyon-free. In other words, it turns out that the squared effective mass of the scalar perturbations is positive, and consequently there is no tachyonic instability. Therefore, from the stability point of view, the theory works properly at the classical level.
3 Phase space analysis of MOG Phase space analysis, or the dynamical system approach, is a numerical method that has been widely used to investigate the cosmological behaviour of modified theories of gravity.
For a brief introduction to this method we refer the reader to [23] . Let us construct a set of autonomous equations from (2.3) by defining the following dimensionless variables
The cosmic density parameters Ω i are related to dimensionless variables as
Substituting the dynamical variables into equations (2.3) and assuming G > 0, and consequently Q > 0, after some algebraic manipulations we find a constraint equation
and the following autonomous first order differential equations
where in these equations, a prime stands for derivative with respect to ln a. Our cosmological model is equivalent to a five dimensional dynamical system. Now it is easy to express the effective equation of state parameter
and the equation of state for dark energy
with respect to the dynamical system variables. For more details we refer the reader to [17] . Finally, ω DE and ω eff take the form
Where β = G N /G and ζ = 12x 2 + 6y − (z − 4)z − 6. Now let us find the critical points. To do so one should set to zero the right hand side of equations (3.3) and find the corresponding roots (x, y, r, z, m). Furthermore, by constructing the stability matrix, one may consider the linear stability of the critical points. The result has been summarized in Table 1 . Note that in this paper we keep all numbers up to two digits. Surprisingly, for each cosmological epoch there are two critical points. It is important to mention that, as in the standard ΛCDM model, there is no free parameter in the fixed points. In the following we discuss the physical meaning of the points. • f 1,2 : Radiation-dominated phases:
The point f 1 is an unstable Gµ-radiation dominated era for which eigenvalues of stability matrix are (0, 0, 1.60, −0.53, −2.05). One should note that existence of even one positive eigenvalue means that the critical point is unstable. However, the value of ω eff shows that this epoch is drastically different from the standard radiation dominated epoch. On the other hand, f 2 is a pure radiation dominated epoch for which ω eff = 1 3 . In this case eigenvalues are (2, −2, 1, −1, −1) which shows that, as expected, f 2 corresponds to an unstable radiation phase. Therefore, one may conclude that MOG possesses a standard radiation dominated epoch in which the scalar fields are constant and do not have a significant contribution.
• f 3,4 : matter dominated eras: f 3 is a Gµ-matter dominated point. (−3.88, 2.02, −1.87, 1.87, −1.01) are the eigenvalues of stability matrix that shows f 3 is unstable. In this phase the scale factor grows as a(t) ∝ t 0.53 which is much slower than the standard case and cannot be considered as a standard matter dominated epoch. One can expect the growth of perturbations in this epoch to be very different from the standard case, although this has to be checked numerically. On the other hand, f 4 is a G-matter dominated point for which a(t) ∝ t 0.67 .
Although this is close to the standard case, the effective equation of state parameter is negative. Therefore in principle it is different from the standard matter dominated universe. f 4 is unstable since the eigenvalues of the stability matrix are (−2.99,1.48,−1.48,−1.48,−0.99). We can simply conclude that the standard version of MOG has a matter dominated era that behaves very similar to the standard model. This is not the case in some metric f (R) models [24] . It should be noted that f 4 corresponds to an exact solution for which the scalar field µ(t) is constant and G(t) varies with time as G(t) ∝ t 0.03 .
• f 5,6 : Λ dominated solutions: which is reminiscent of the standard de Sitter universe. In this era, G(t) ∝ e 0.04t and µ(t) is approximately constant.
A valid cosmological path starts from the unstable radiation dominated epoch, f 2 , continues toward unstable matter dominated epoch, f 4 , and ends at the stable dark energy dominated point, f 6 . In Fig. 1 , left panel, we plotted the behaviour of density parameters with respect to the cosmic time for an appropriate set of initial conditions. We set initial conditions deep in radiation dominated era in a way that universe evolves through standard cosmological epochs and reaches the present value of Ω m0 ≈ 0.05 and Ω r0 ≈ 10 −5 . Note that since the theory is designed to address the dark matter problem, we only include the baryonic part of matter for Ω m0 . In Fig. 1 , right panel, we demonstrate the behaviour of ω eff and ω DE for the same initial conditions that used for density parameters. It should be noted that the singularity in the dark energy equation of state is not a matter of problem since ω eff that determines the physical behaviour of the cosmic observable quantities, smoothly evolves with the cosmic time.
In the following we study two different limits in MOG. First we assume that the vector field does not contribute to the evolution of the cosmic fluid. In other words, we suppose that its effects appear only in the local gravitating systems like galaxies. In fact, in cosmology, baryonic matter is treated as dust, and the averaging scale of homogeneity and isotropy is about ∼ 100Mpc. On the other hand, it is shown in [4] and [6] that the current magnitude of the Compton wavelength of the vector field is about µ −1 ∼ 24 kpc. It is important to mention that, in fact, the µ scalar field plays the role of the Compton wavelength for the vector field. Consequently this wave length is not constant and changes with time. Furthermore it depends on the self-gravitating system and one cannot find a universal value for it [25] . However for our purpose here we use µ −1 ∼ 24 kpc as a crude estimation.
Therefore one may expect that the influence of φ 0 is confined entirely inside self-gravitating systems constructed from dust particles (i.e. galaxies). So from a cosmological perspective φ 0 plays no role and the value of its average φ 0 is irrelevant. From this point of view, it is appropriate to set φ 0 = 0 when dealing with the cosmological behaviour [26] . In this case the theory reduces to a scalar-tensor theory of gravity with two scalar fields.
In another limit, we set to zero the constant Λ and investigate two cases, i.e. Λ = 0, φ 0 = 0 and Λ = 0, φ 0 = 0. In this case, we are interested to check the potential of MOG to work as a dark energy model rather than following the original motivation of an alternative to the dark matter problem. More specifically, we investigate the possibility if MOG could explain the cosmic speed up without an explicit cosmological constant.
MOG without the Proca vector field
In order to check the behaviour of MOG in the absence of the vector field, we set φ 0 to zero. In this case the dimension of the phase space reduces by one. Also it is easy to show that Q is zero and one can write the dynamical variable m in terms of the rest variables as Let us discuss these points in turn.
• p 1 : Radiation dominated era:
This fixed point corresponds to a standard radiation dominated epoch for which a(t) ∝ t 0.50 . The eigenvalues in this case are (−2, −1, 2, 1) that shows p 1 is unstable as expected. In this era both scalar fields G(t) and µ(t) remain constant with time.
• p 2 : G-Matter dominated era:
This is an unstable matter dominated epoch since the eigenvalues of the stability matrix are (−2.96, 1.48, −1.48, −1). The existence of just one positive eigenvalue implies instability of the fixed point. In this era, ω eff = −0.01, which results in a(t) ∝ t 0.68 . Note that p 2 behaves exactly as the point f 4 in previous section and both are close to the standard case for which a(t) ∝ t 0.67 . The running of the scalar field G(t) starts from the matter dominated epoch and in fact, in this era, we have G(t) ∝ t 0.03 and µ(t) is approximately constant.
• p 3 : ΛG era:
This point corresponds to a ΛG epoch for which the eigenvalues are (−5.92, −3.96, −2.96, −2.96).
The negative eigenvalues of the stability matrix show that this is a stable epoch. In this case ω eff = −1.00 (up to two digits, as mentioned before) as one expects for a viable late time solution. Note that the running of the field G(t) that started in the matter dominated epoch, continues until late time and evolves as e 0.04t . On the other hand µ(t) is still constant.
It is important to mention that in the absence of the vector field, MOG still possesses viable cosmic epochs. Surprisingly, the fixed points p 1 , p 2 and p 3 are the same as f 2 , f 4 and f 6 , respectively. In other words, as we already mentioned, the vector field does not significantly change the cosmic evolution. However it is necessary to mention that in the presence of the vector field we have two fixed points for each epoch while in its absence there is only one fixed point for each phase. Table 2 . Fixed points and their stability for (φ 0 = 0, Λ = 0)
MOG as a dark energy model
This section is devoted to answering the question whether MOG can behave as a dark energy model. In fact, as we already mentioned, in this theory there are two scalar fields, G(t) and µ(t) , and one vector field, φ α (t) , besides the metric tensor. So, the logical question is whether the extra fields can play the role of dark energy, as they do for the dark matter. In order to check this possibility, we remove the cosmological constant, Λ, and investigate the governing equations (3.3) when x = 0. Note that removing x reduces the dimension of the phase space by one. Furthermore, since the theory shows a standard sequence of cosmological epochs, regardless of the presence of the vector field, we investigate the viability of MOG as a dark energy model in both cases, i.e. when φ 0 = 0 and φ 0 = 0. In the case of the vanishing vector field, the phase space is three dimensional (y, r, z). The fixed points are:
Now, we have only two fixed points. d 1 is a radiation dominated epoch for which eigenvalues are (−2, −1, 1), i.e. an unstable radiation dominated era. On the other hand d 2 is a stable matter dominated era with eigenvalues (−3, −1.5, −1). There is no stable late time fixed point. Therefore, because of the stability of the matter dominated phase and the absence of a stable de Sitter universe, we conclude that MOG without cosmological constant and without the vector field does not lead to a viable cosmological model. Now let us bring back the vector field and re-analyse the system in the absence of Λ. The results are shown in Table 2 . In this case, we have four fixed points b 1 -b 4 and the corresponding eigenvalues are (−2., −1., −1., 1.), (−2.53, −1.27, 1.27, 1), (−3, −1.48, −1.48, −1) and (−3.89, 2.02, −1.87, −1.) respectively. The stability of the matter dominated phase b 3 is not a big problem since there is another unstable matter dominated epoch b 4 . There is also a standard radiation dominated era b 1 , and an unusual radiation dominated era b 2 . The main problem here is the absence of a standard late time fixed point. Moreover, the unstable matter dominated point b 4 differs drastically from the standard case. Therefore, one may simply conclude that without Λ, MOG does not work as a valid cosmological model.
To summarize this section, we reiterate that if we set Λ = 0 in the standard version of MOG, in which the self-interaction potential of the scalar fields are zero, then MOG does not work properly at the cosmological level. In other words, MOG cannot play the role of dark energy, although one may construct a model of MOG including non-zero self-interacting Table 3 . Fixed points and their stability for generalized MOG potentials to explain the cosmic speed-up without cosmological constant. This issue needs further investigation. Another modification can be achieved by introducing new constants as coefficients for the kinetic terms in the scalar fields Lagrangian. This case is straightforward and can be considered as an attempt to construct a dark energy version of MOG. Our modified MOG, as we will see, introduces a new constant c for G that plays the same role as the BransDicke constant ω. Therefore before moving on to discuss some observational constraints on the standard version of MOG, we study the above mentioned extended version of MOG. For completeness we keep the cosmological constant. In fact it turns out that, similar to what we discussed in sections 3 and 4, to find the fixed points when Λ = 0 it is enough to set x = 0 in the main fixed points which have been obtained for non-zero cosmological constant case. Keeping the cosmological constant in action (5.1) enables us to investigate another question. In fact, we saw that in the standard version of MOG, the matter dominated point f 4 is slightly different from the standard matter dominated case and has a negative effective equation of state parameter. The extension we propose now may help to reconstruct a standard matter phase. Moreover, in the next section, we will compute the angular size of the sound horizon and use this modification in order to make a more consistent model. Keeping in mind our purposes, let us start with the following modified action, which, as mentioned before, we call it mMOG throughout the paper
In fact it turns out that one can include only two independent dimensionless coefficients, c and c ′ . Any constant in front of R can be absorbed by a redefinition of the G field. As already mentioned, ω 0 can be eliminated by a redefinition of µ. The action (5.1) recovers the standard action by setting c and c ′ to 8π and 1, respectively.
As we saw in the previous sections, the µ field does not play a key role in the cosmic expansion. In other words, as it is clear in Fig. 1 (left panel) the µ contribution, Ω µ , to the total cosmic energy budget is negligible and remains constant compared with the other components. It is also emphasized in [15] that G plays a more important role in the cosmology of MOG than the µ field. On the other hand, the weak field limit of theory shows that µ is the field that specifies the length correspond to the mass scale of vector field while the field that plays the main role for increasing the gravitational potential is G [6] . In fact, a straightforward consideration of the gravitational force between point masses in the weak field limit of MOG also reveals the importance of the field G, compared to µ, at large distances. Finally, a constant coefficient for the kinetic term of µ can be absorbed in the definition of Ω µ and will not significantly influence the calculations of the angular size of the sound horizon. That is why we set the coefficient c ′ to 1 for the rest of the calculations and focus solely on c.
It is worth mentioning that the current value of Newton's constant G N , is not affected by the dimensionless coefficient c. In fact, a numerical analysis of dynamical variable z = G ′ G , using the field equations, reveals that
is the quantity that is specified, where G 0 is an integration constant and its value can be matched with the value of Newton's constant G N .
Although we proceed the study irrespective of the sign of c, for the reason discussed in Appendix A we are interested in behavior of the theory for positive c. On the other hand, it is necessary to be sure that the existence of c does not affect the weak field limit of the theory. To check this point, using the method in [10] , we showed that c will be absorbed in the definition of the α parameter which is related to G. Therefore the existence of c does not disturb the main feature of theory in the weak field limit, which is the increase of the strength of gravity.
The generalized field equations are:
The field equations of µ and the vector field and other definitions are the same as in section 2. The only difference is that c appears in the definition of Ω G as Ω G = z − c z 2 6 . Therefore, it is straightforward to find the critical points of the relevant dynamical system. For simplicity, in Table 3 we have listed the density parameters (Ω Λ , Ω m , Ω r , Ω G , Ω µ ) of the critical points instead of the fixed points (y, r, x, z, m). Let us now briefly discuss these fixed points, specially the matter dominated era. . We reiterate that in the standard version of MOG, c = 8π and therefore F 3 is unstable and a(t) ∝ t 0.5 , which is drastically different from the standard case. We are not going to discuss more about this fixed point, since MOG possesses another fixed point, F 4 , which is very similar to a standard matter dominated epoch. Although for c 8π = 1 this point is reminiscent of the standard matter dominate phase, as we showed in the previous section, it does not behave exactly as standard model, i.e. t 2/3 . However it seems that one gets an almost standard matter dominated epoch by choosing large values of c.
Furthermore, F 5 can be considered as a phase in which Λ plays an important role. However, this critical point cannot be considered as a stable late time solution since all the eigenvalues (too long to be written here) are not negative. On the other hand, F 6 is an acceptable late time solution. In fact eigenvalues for F 6 are ( In other words, the coefficient of the kinetic energy of the G field does not change the expansion rate of the cosmos at late times.
Therefore, from the stability point of view, one can increase the value of c to suppress the deviations from the standard matter dominated phase without disturbing the existence of other viable cosmic eras. On the other hand, it is necessary to mention that introducing the coefficient c does not help to find an accelerated expansion without cosmological constant. In other words, as it is clear from the fixed points in Table 3 , no value of c does lead to a new fixed point in which Λ = 0 and ω eff = −1. Consequently this simple attempt to make a dark energy version of MOG without a cosmological constant fails, although helps to construct a more viable matter dominated phase.
Angular size of the sound horizon in MOG
We found in section 3 that the standard version of MOG possesses a viable sequence of cosmological eras, although the matter dominated era is not exactly standard. More specifically, we found ω eff = −0.01 and a(t) ∝ t 0.67 for the matter dominated era. The negative sign for the ω eff in matter dominated era shows the effect of the existence of extra fields in this era. In fact, this solution is reminiscent of the φMDE era in the f (R) theories [19] . Since the theory has an acceptable sequence of cosmological epochs, one can go further and ask about other cosmological constraints. For this purpose, we compute the angular size of the sound horizon, θ s , in MOG
it is the adiabatic baryon-photon sound speed and z dec is the redshift at decoupling. The current observational value of this θ s measured by Planck 2015 is 100 θ s = 1.04105 ± 0.00046 radians [27] . This value is obtained assuming a constant equation of state parameter. As it is clear in Fig. 2 , ω eff is constant in radiation dominated universe for a wide time interval. Therefore as in [19] , we use this observational value in MOG. It is also important to mention that as the standard conservation law for ρ r and ρ m is satisfied in MOG, z dec is unchanged and we use the same value as in ΛCDM in our calculations. Now, let us calculate θ s for the standard version of MOG which is introduced in section 2. To do so, we set the initial conditions in a way that we find observed values for baryonic matter and radiation at the present, i.e. Ω m0 ≈ 0.05 and Ω r0 ≈ 8 × 10 −5 . Note that since MOG is going to ignore the presence of dark matter, the present value for matter contains only the baryonic part of the matter content of the Universe. Our calculations show that for an interval of initial conditions that leads to 0.04 < Ω m0 < 0.05 and 7 × 10 −5 < Ω r0 < 9 × 10 −5 , the angular size of the sound horizon lies in the interval 0.0080rad < θ s < 0.0082rad. We have shown the maximum value of θ s with a large red point in Fig. 3 . As it is clear from the figure, this range is not consistent with the above mentioned observational values of θ s . More specifically θ s in MOG is 19 % smaller than the observed value and more than 100σ error away from the Planck data. Therefore, in the following we use the modified version of MOG, dubbed mMOG, introduced in section 5 to see if the new constant c in the action (5.1) can help improve the agreement with Planck data. In the previous section we showed that by . For every c we set initial conditions at ln a ≈ −20 in order to find the observed value for Ω m and Ω r at present. As the plot suggests, mMOG cannot fit the data for large values of c. In fact, for c/8π > 50, the deviation of θ s from the observed value becomes larger and tends to a same magnitude as in Λ + Baryon toy model, i.e. θ s ≃ 0.0076 radians. Now, let us discuss about smaller values of c. Choosing c = 8π × 0.33 results in θ s = 0.0103, which is very close to the observed value as shown in Fig. 3 . It is important to clarify that for c = 0.33 × 8π, using Table 3 for the critical point F 4 , one finds ω eff = −0.05 that results in a(t) ∝ t 0.70 . As Fig.  3 suggests, standard MOG behaves cosmologically like ΛCDM without dark matter, instead of an alternative theory for dark energy. It also means that the extra fields of MOG cannot reproduce the role of dark matter in the sense that the theory behaves like ΛCDM without dark matter. This fact can also be seen from the time evolution of ω eff . In Fig. 2 , we illustrate the evolution of ω ef f for 4 models, i.e. ΛCDM, Λ+ Baryons, standard MOG and mMOG. It is evident from Fig. 2 that standard MOG and Λ + baryons are very similar. However it is clear that there are significant differences between ω eff in MOG and ΛCDM. More specifically as Fig. 1 , left panel, suggests, matter dominated phase occurs approximately in the interval −5 < lna < −2. In this interval in Fig. 2 , the evolution of ω ef f for mMOG is different from that of the other three models. In fact, since mMOG has a negative ω eff during the matter dominated era, one expects to see deviation from other models.
It is also instructive to compare the age of the universe for these models. One may simply integrate equation (3.4) to find the age. It should be noted that the dynamical system approach has already provided us with ω eff numerically. The slower expansion rate in the matter dominated phase of mMOG compared with the standard case, may substantially increase the age. As expected, our calculations reveals the fact that mMOG predicts an older universe than ΛCDM. While the age of universe in ΛCDM is around 14 billion years, mMOG with c = 0.33 × 8π results in a 22 billion years old universe. On the other hand for standard MOG and Λ + Baryons the age is around 21 billion years.
Conclusion
We investigated the cosmological behaviour of MOG using the phase space analysis method. This approach provides a fast method to solve the complicated field equations numerically and we used the solutions to calculate the angular size of the sound horizon. We found that MOG, in its standard form, possesses acceptable cosmological epochs. In fact, the Universe starts from a standard radiation dominated era f 2 , continues toward an unstable matter dominated epoch f 4 and finally ends in the late time attractor f 6 . However the matter dominated point f 4 is slightly different from the standard case. In section 4, we turned off the effects of the vector field and showed that MOG still has a viable sequence of cosmological eras in the absence of the Proca vector field. In section 5 we checked the viability of MOG as a dark energy model by setting Λ = 0 in the field equations. We showed that the extra fields of MOG cannot play the role of dark energy. In section 5, we introduced a modified version of MOG, called mMOG, by adding new constants as coefficients for the kinetic terms of the scalar fields. Although mMOG cannot accelerate the expansion in absence of Λ, we find that by increasing the value of the parameter c the cosmic scale factor during the matter dominated era gets close to the standard matter dominated era, i.e. a(t) ∝ t 2/3 .
The fact that standard MOG possesses a valid sequence of standard cosmological epochs prompted us to compare MOG with a very precise cosmological observation, i.e. the angular size of the sound horizon θ s . Our calculations show that θ s in the standard MOG is 19 % smaller than the observed value, way off the experimental errors. However, for mMOG, with a new constant c, we found that c = 0.33 × 8π leads to an appropriate value for θ s consistent with observations. On the other hand, in this case, the matter dominated phase becomes slightly different from the standard matter dominated phase, which could cause deviations in the linear perturbation growth.
In conclusion, this paper shows that, with or without an explicit cosmological constant, standard MOG is not a cosmologically acceptable model. A slightly modified and tuned version, called mMOG, fits the observed value of the sound horizon but contains a matter dominated epoch for which a(t) ∝ t 0.70 , that might have consequences on linear perturbation growth.
A Appendix
In this appendix, we study the classical stability of MOG and show that there is no tachyonic instability in the theory. As we mentioned in Sec. 2, the scalar fields G and µ appear with wrong sign for the kinetic terms. This means that the theory cannot be taken to be a fundamental quantum field theory.
In order to discuss the stability of the theory, it is convenient to define a scalar field Φ which is related to G as G = 1 Φ . Furthermore, in what follows, for simplicity, we ignore S M . With the above mentioned redefinition and assumption, the action (2.1) takes the following form
By varying this action with respect to the metric tensor, one finds the following field equation
where = ∇ γ ∇ γ . Note that, in a homogeneous and isotropic background, the anti-symmetric tensor B αβ vanishes. Using the trace of A.2, one can find R as
On the other hand the variation with respect to Φ gives The µ 3 term can be considered as a derivative of an effective potential, which then would be a power law potential of type µ 4 , with the positive sign. Therefore one may expect that this potential is also stable, and consequently there is no tachyonic instability for µ.
In the following, for the sake of completeness, we briefly study the stability of the model against small perturbations in sub-horizon scale around FRW background. In order to check the stability of the theory, let us perturb the background flat FRW metric as follows
where Υ(t, x) and Ψ(t, x) are small perturbations. Furthermore, for other fields we show the background and perturbed quantities with 0 and 1 subscripts, respectively. In this way, the corresponding perturbations in the vector field φ α , and the scalar fields Φ and µ are respectively φ t , φ x , φ y , φ z = φ 1t (t, x), φ 1x (t, x), φ 1y (t, x), φ 1z (t, x) Φ = Φ 0 (t) + Φ 1 (t, x) µ = µ 0 (t) + µ 1 (t, x) (A.8)
It is necessary to mention that the background value of the vector field is zero in our case. One can easily verify this point using the field equation of the vector field, for example see [28] . Before moving on to write the linearised field equations, it is convenient to consider the perturbations as Fourier modes, see e.g. [29] for more details. Now using these assumptions and substituting the perturbations into the field equations, one may straightforwardly find the linearised field equations. In this case the field equations of Φ and µ up to the first order of perturbation are written as where the dot stands for derivative with respect to cosmic time t, and F 1 is defined as
On the other hand, the ij component lead to the following algebraic relation, often called anisotropic stress, between metric perturbations and Φ 1 Ψ + Υ = − 2Φ 1 Φ 0 (A.12)
In the case of sub-horizon perturbations, the k 2 a 2 terms are dominant. Therefore, provided that for the background fields, denoted collectively as Q, |Q 0 | | Q 0 H | and |Q 0 | | Q 0 H 2 |, one can rewrite the equations (A.9) and (A.10) as
(A.13)
where M 2 ≡ 2Λ 16π−3 > 0, which satisfies the necessary condition for the stability. On the other hand µ appears as a massless scalar field in this approximation. Therefore one can conclude that there is no tachyonic instability in the sub-horizon limit of MOG.
